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ABSTRACT

Using conventional mental test thecry, item
arameters of an aptitude or achievement test vary with each group o
xaminees, and as such are somewhat limited in their use and
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interpretation. Within the last 25 years, measurement models have
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merged in which item parameters are considered to be invariant.

Generically referred to as latent trait mental measurement or item

c

haracteristic curve theory, these models have precipitated the

development of sophisticated tailored testing tecbniques which
capltallze on the item paraweter invariance feature. This paper
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xamines the invariance feature for the Birmbaum 2 and 3 parameter

logistic models. The investigation is in two parts, the first
theoretical, the second empirical. Even with somawhat inadequate
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ata, the empirical investigation supported the thecretical
onsiderations. (Author/RC)
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A Closer Look at Latent Trait

Parameter Invariance

Using ccmventional mental test theory, item parameters of an aptitude
or achievement test vary with each group of examinees, and as such are scme-
vhat limited in their use and interpretation. Within the past 25 years,
measurement models have emerged in which item parameters are considered to
be invariant (Lord, 1952; Rasch, 1960; Birnbaum, 1968; Urry, 1970). Generi-
cally referred to as "latent trait mental measurement" or "item characteristic
curve theory," these models have precipitated the development of sophisticated
tailored testing techniques which capitalize on the item parameter invariance
feature.

In this papexr, I will examine this invariance feature for the Bixnbaum 2
and 3 parameter logistic models (Birnbaum, 1968). The investigation will be

in two parts, the firsgt theoretical, the second empirical.

A Theoretical Examination of Parameter Invariance

Both models 'mder consideration have been developed in the literature
(Jensema, 1972; Lord and Movick, 1968), and will not be fully described héﬁfég
The item characteristic curve (ICC) in Figure 1 shows, for Bimbaum's 3 para-
meter logistic model, the regression of ability 0, against the probability
of a correct response,

P(9) = ¢

g+ (Imeg) [1 + exp (=1.7ag (0-by)) )7L (1)

The author is indebted to Carl Jensema, Leo Min, and John Con.:y for
their assistance with the first draft of this report, to the Office of
- Demographic studies, Gallaudet Coliege, Washington, D.C., for supplying the
. data used in the study, and to Jac:qmlme Cox and Joyce Robinson for typing
the manuscript




for a particular item g; where

Z?g, the item dlfﬁt:l:lty, is the point of inflection mﬁlcai;mg the loca-

tion of the curve along the 6 axis;

@4, the item discrimination, is directly related to thz slope of the
curve at bg: )

Cgr the prd:ablllty of gLessmg the correct respt:snse, is the lower asymp-
tote of the curve.

In the Birnbaum 2 parameter logistic model, es~0, for all items, and
equation 1 becames
P(0) = [1 + exp (-1.7a, (aﬁbg))]‘l (2)
g g and ¢, are considered invariant in that the shave.
of any given ICC (for a Eart;ﬂar;tem) is theoretically invariant across

The parameters b

populations and across tests. That is, if an item is transz::lanted into a
different test of the same ability or administered to a different group of

examinees, the shape of the ICC will not d"xamge

used to define particular values of 0. For lack of a natural metric, these
values of 0 are usually‘ represented as deviations from the mean true ability
in a pre-tested population.. Thus, if item parameters are separately ;alib:ated ,

ses whose ability distributions differ, different

on tmgrt:mps of examin
numerical values to represent each ag and by parameter will be obtained. This
situation is illustyrated in Figure 2. '

The two rigid 6 scales may be represented by @' and o". let iig ’ bg.",
and f:zg' represent the numeric valves obtained using the @' scale, and let

, by", and eq" reére:ée;nt the values us:mg thé 0" Ec:aié : Qlé;aig:ly, the

ag"s bg", |
4
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Figure 1. A hypothetical item characteristic curve.
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Figure 2. A hypothetical item characteristic curve
with two ability scales.




Bg'%bg“ and 45'#a,". In theory, ¢4'=¢,"; however, because of the difficulty
of cbtaining good ¢, parameter est:.mates, tlus cannot be expected in practice.
Consider an examinee whose true ability is O, and who is a member of
both groups. If the shape of the ICC is indeed invariant, this examinee will

have the same probability of responding c:z:zte:tly regardless of the © scale.
That is, |

P(o}) = P(a}) ‘ (3)
where Of and O are the numerics used to describe @« on the 0' and ©" sczaiés

| New mmerical values for @ g and bg should be predictable with each

change in the @ scale. I will derive and discuss such prediction equations
for both the Birnba. : 2 parameter and the Birnbaum 3 parameter logistic models,
and finally will describe an empirical investigation.

Birnbaum's 2 Parameter Model

By definition, (equation 2)
P(0)) = [1 + exp (=Li7a§"(a;§b§“))]‘l
and .

P(od) = [L+ exp (1.7 '(e-b 1))
Considering ©" and 0' not equal to bg';‘ and ng!; Suﬁstitut;ing into (3) and
inverting, we abtain:

1+ exp (=l.7§g“(®;—5g")) =1+ exp (ﬁlﬂcig' (E\;ﬁbg'))

Subtracting 1 and taking the natural logarithms,

- p nggi=b "y = ~1.7q¢ "let=b !
=L.7a," (0=b,") 1.7a, (0,~Dy ")

(4)




and

b"=i_b'+§q@*'ag'9§ (5)

Carets (A) are used to indicate that these are predicted values. Note
that both (4) and (5) are linear relationships. The same types of linear
relationships hold for Iord's 2 Pa::arretér nc:rmal cgive model (see Lord and
NC!Vld{, 1968, C:hapte: 16.11).

In theory, the values for ay and by do not change when a guessing pasf
meter, cg, is added. As such, equations 4 and 5 should hold for the three
parameter logistic model as well. However, the question will be answered

171 e ' Ty 1
allowing for gy ;égzg .
Pirst 0} and 0} are selected such that P(64)=P(04)=K, 0<K<l. Thus,

¥

ok

N

by' + Ln[K EEJ(l Tag ') : (6)
T-K

and

[ ,
EJ; = bg" + :Ln‘K - Cg 7 (1. 7::7: ") - - (7)
Ll =K J .
A

and 1n K - Qgﬁ{ respectively. Then
1 = :
=%

K =K' =17
©" ~bya," 0"~y ag

-,

W

Iet K' and K" denote ln{K‘f
K

solving (6) and (7) for 1.7,

r;%f} e




g

bl + @;ﬂr“z‘{i — @'ﬁl K"
q = *9g (9)

Q:L "K |

g - .

Again, these are linear functions. Note that when e,' = og"s K' =K'
and equations 8 and 9 reduce £o equations 4 and 5 respectively.

| Discussion

This demonstration has shown that with both the Birnbaum 2 and 3 para-
meter m:::léls; (1) ;;zg" Wis a linear function of gg' wrlﬂ1 intercept equal to zero
and (2) bg" is a linear -function of zﬁg‘ with intercept not necessarily equal

In equations 4 and 8, one may note that

' = b
x g (10)

is a function solely of two metrics, @' and 0", used to describe 0] and bg' ’
and 6y ard bg". As such, (10) and consequently (4) and (5) are constant for
all items within the test and (8) and (9) will vary slightly when between
group guessing parameters are unequal.

‘With the Rasch model, ¢g' = C5" = 0 and a,' = ag" for all items, and (10)
is again constant. As with the Birmbaum model, the difficulty (easiness)
param%ter of the Rasch model can also be expé:%;ed to be numerically invariant
over populations. This is pre::;sely what Anderson, et al. (1968) and Tinslay
and Dawis (1972) found in empirical investigations.

I have shown that the numerical valua;; for ag and b, of both Birnbaum
models change linearily as a funcﬁj.c»n of the c:hange in metric. The parameters
are invariant in that tl?éé:etir;ally one can always recalibrate the’ a, and

bg numeric values to a different © metric without any loss in interpretation.




An Empirical Investigation of Parameter Invariance

The parameter invariance has been censidered theoretically in the pre-~

ceding pages. In this part of the paper, it will be treated ar@::mally

Speclflt:ally, I w;l.ll show that a change in the 0 metric will Qréclgltate linear
d’;anges in the ag and bg values.
Procedure

Ifgm resgﬁnses to the Level II Spelling Subtest of the Stanf@rd Achieve-
ment Test, Haarmgalrrgalrad Version (SAT-HI) by 2,609 students were made 7
available through the courtesy of the Office of Déragi’aph_lc Stuaiés, Gallaudet
College, Washyiqtm, D.C. Each of the 47 items within this subtest provides
ane correct and three alternative responses.

The 2,609 cases were a part of a stratified random sample of 6,872 stu-
dents in the United States' sper;'lai education programs for the hearing-impaired
taking the entire SAT-HI battery in the spring of 1974. Stratification was
conducted on type of program and emfs:l]:fent size of the institution.

The examinees were divided mt:s two ‘groups based cn dirmalcglc:al sga '
on the day of testing. The younger group, group L, contained 1,415 subjects:
the older growp, growp H, 1,194. | |

parameter catimates were calibrated on each grﬂup ‘separately using an -
iterative minimum c:h;L square estimation prc:c:edu:e c]evelaped by Ur:y (l975) .
As suggested by Sckmn.dt and Gugel (l975), a rmm;_mum of l,DDD subjacts El'l.d 60
@tems are needed to abtain satisfactory parameter estimates with the Urrg '
Pmdurei Since the nurber of items available on thE EAT—HI is 1&55 than
60, estimates fram both groups may contain somewhat more randm error than

9




The data were analyzed to test the null hypotheses that (1) with the
intercept set equal to zero, there is no strong linear :eg:essmn of czg on
ag, and (2) there is no strong linear regression of b-g t:rl bg Fairly rest::;z:—
tive R%s~.75 were sought. To provide additional information, these :ég:essiéns

were plotted (see Figures 3 and 4) and the product-moment eorrelations of

‘cbserved and predicted parameter values were camputed.

In the process of pare

sterization, 16 and 2 subjects were dropped from
groups L and H respectively, because 0 estimates were unattainable. TItem

parameter estimates were obtained on a total of 41 items common to both groups.

- These estimates and the ég and the gg values are shown in Table 1. The

bivariate product-moment correlations between ég and ::ig and between é‘g and

bg are .677 and .929, respectively.
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Table 1
%Eﬂﬁaﬁ?ﬁiiﬁggﬂi%vaes
on a 41-Item Test

PREDICTED GROUP H
: N=1,194

By
T
ng

oy
[

]
Snte]

£
<t
N
N

Ll
O b

NN A O

0.18 1.70.  ~0.02
-1.27 2,03 -1.24
-0.68 1.68 -0.73
~1.16 ©1.24 =0.92 -
-1.07 1.73  -1.08
-0.54 . 1.46  -1.08
-1.12 2.13  -0.98
~0.56 1.54 = -0.71
). 3: 1.2 -0.01
~0.11 1.32  -0.08
-0.13 1.02  =0.51
: : -0.49
10.27
- -0.84
-0.63
-0.34
-0.33
-0.35
-0.22
-0.89

0.28
- 0.06
-0.84
-0.58
-0.85
-0.45
-0.65
-0.47

0.33

1.72
27  -0.82
1.20 -0.79
1.89 0.26
-0.23 1.93 -0.25.

0.40 0.75 . 0.41
-0.29  1.67  -0.09
1.10 2.17 1.18
=0.16 -~ "1.51  =0.08

0.46 1.12 0.06

2 1.5  0.54
45" 1.28 0.88
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Figure 3. Bivariate frequency plots of item discrimination values
a, from high and low groups. '
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L Figure 4. Bivariate frequency plots r::f“;tern difficulty values o

b, for high and- low groups.




‘ '.t:he pararr&ter VEI;EIICE (96% and 86% respectively).

' 'I'hus, c:ne can regect the

the mterc:ept set equal to zero and there is no linear relat;@nshlp b%meen B

\ b values at R%> .75..'

'Regression of gg on of

Table 2

Regression Summary Tables

g ) RegréSEiaﬁ

| flxed mter:ept)

bml‘l;igié

R Squared -
Standard Error-
‘of Estimation

Slope. (Unstandard—

- ized) -
Intgzcagt .

~ The regressians of g

and 4,

d@tted lines represant the 95% ﬁx:nflde:xce Anterval (=1,96

Dlscusslc:n

Alﬂmugh ‘the parameter estimates may Contain more than the recommended

g

of ,
o bg c::nbg

.62919

.97976 Multiple R
.95893 R Squared - - .B6339 .
, Standard Exrror .. = 7
.29121 - of Estimation = - .23883
, : Slope - .87973
1.05408 Iﬁteréept -.61600
DDDDC‘) , ' ' '
on .;IE and of bL an Z::H are illustrated in Flgures

g

The . EDllﬂ lmes represent the E)]:‘eﬂlfﬂiéd values Df

éH
g

times S.E. est.). -

and bg‘ and t_hé

amounts le error varlam:e, the presence Df strong lmear relatlgnsh;ps has

7Een shown between a Vall.ES ami between b VE]_L:_ES WhEﬁ t:al:l_brated on differ-

g
ent E) Ecsj,es .

In effect thls den‘:m,;trates eudem:& fD.'E the EEIlEIICE c:i'

- the éj.scrmmatujn and élfflc:ulty 1atent tralt paraﬂetersg even Wlﬂi favar 7

items than remaided.

~13




An cbserved value dematmg frcim a preé;cted value mﬂg.cates one or mc:re '

of the fc;llc:m:l.ng- . }

1. -a vi«:lati@n'cf the mld;frensmﬂa;_;qr:estr;ctlm,

2., .a violation of the 1&}_1; mﬂependance restriction,

3. a poor pa;arr:eter estulate whe,n c:alz_brated c:n one ar both groups.

'm light t:’!f the test size, the ncnﬁperfect t:x:rrelatlms and dewatmns
fram the predlctlcn lines are perhaps att:;butable to the third reason ahjve.
Wlth E}flStlﬂg paraneter éStJJfEtan p:t:grans, t.he .:zg estlmates cﬁsﬂstantly
c:::nta;_n nore ‘random error than the b estimates. In adc];_tlan, 1;hes:é is some
;estrlcl;lcn in ;angemth rega;d tg this para:retar Haﬂce, tha 1cmer corre-—.

i 1aﬁ@n' for the g,;é parameters is to be expected.

- Conclusion

F.—

In tlus paper, I ha\.E cieveiaped the pa::arreter invariance c::cmcept for the

Birnbaum 2 and 3 ;_:ararreter lc:gigtic models. On a tha::ret;c:al ;ével— I SI‘DWEd
that the nureric used to describe ::zg a;ncl b is cﬂepaﬁdent upon the @ scale
defmltmn, Erlci that tl‘mfxugh lmear equatmns - new values of ag and bg can be

pr%cht:ted vﬂien ﬂje 0 -scale is redafmed

© the thEDI_‘étlcal E::)ﬁSltﬂErathns. At cx:nsarvatlve values, the stu;iy da‘l't}ﬁ! :

g values.
with, and did not overly deviate from, ther:’.:}:oser\}éa values of ﬁg and b%, and

- values agdm the b, values. The predicted values of 4 g anﬂ éH a:rrelatai ‘

o large perc:entages of the Pa:amate:: VEI;LEHEEE were explained by the linear _

equa ,ti@ns .
15
; ~ 14

_ Even mth sc:rrewhat maﬂeq:ate data, the e:‘r@:z;cal mvest;gatic:n sx@p@ﬁ:&d



The presence of these linear functions supports the validity of the model -

- for the test and for the examined samples. That is, assuming that satlsfac::l;ﬂ:ry

pa:aﬂetérestmates c:aﬂbé obtained, this pmcgdu:e can be used to check for

‘violations of the unidimensionality and local independence latent trait theory -

restrictions. TI'E presence of near perfect linear relationships between —
samples would indicate that the restrictions have been met. Its abgsery::e
between sarrgles would suggest either a restriction violation or poor para-

nmeter estimates. -

'16;
15
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